Purpose: Traditionally, unidirectional leaf-sweeping schemes have been employed to deliver IMRT plans using the dynamic multileaf collimator (DMLC) technique. The goal of this research is to investigate the potential impact of relaxing the leaf-motion restrictions in DMLC IMRT on the beammodulation quality and the delivery efficiency. Methods: This research relaxes the initial and final leaf-position constraints as well as the unidirectional leaf-motion restriction that have been traditionally imposed on DMLC leaf sequencing and develops exact and heuristic solution approaches to allow for an unconstrained and bidirectional leaf motion. The exact approach employs mixed-integer programming (MIP) techniques and the proposed heuristic method uses stochastic search algorithms while utilizing the special structure of the problem. The trade-off between beam-modulation quality and delivery efficiency is quantified and compared to that of unidirectional leaf-sweeping schemes. Results: The performance of the developed approaches is tested on liver and head-and-neck cancer cases. Results validate that unconstrained leaf trajectories can significantly improve the beam-modulation quality at small beam-on time values. However, this gain reduces as the available beam-on time increases. Additionally, the proposed heuristic approach can achieve near-optimal solutions with significantly smaller computational effort compared to the MIP solution approach. Conclusions: Unconstrained leaf trajectories have the potential to enhance the fluence-modulation quality for cases in which the available beam-on time is limited. This gain is primarily attributed to the relaxation of the initial and final leaf positions. The unidirectionality restriction alone does not appear to be a limiting factor.
INTRODUCTION
External radiotherapy (RT) is often performed using a multileaf collimator (MLC) system that consists of rows of movable paired leaves to modulate the shape and intensity of the incident beams. Intensity-modulated radiotherapy (IMRT) and volumetric-modulated arc therapy (VMAT) are among the most common forms of MLC-based radiation delivery. 1 There are two radiation delivery techniques in MLC-based RT. In the first approach, known as static MLC (SMLC) or step-and-shoot delivery, the radiation beam is switched off when MLC leaves are moved into position and is switched back on when the leaves have formed the desired configuration. 2 On the contrary, in the second approach, known as dynamic MLC (DMLC), the MLC leaves continuously move across the radiation field to modulate the shape and intensity while the beam is on. 3 Traditionally, DMLC has been mainly performed using unidirectional leaf-sweeping schemes in which MLC leaves start from one side of the radiation field, sweep across, and end at the other side of the field. The unidirectional leaf motion, as well as the constrained initial and final leaf positions, has been in part motivated by the existence of mathematically convenient solution approaches to the corresponding leaf sequencing problem. Nevertheless, these restrictions may prolong the required beam-on time, thus reducing the delivery efficiency. This is of particular concern when fast beam modulation within a limited beamon time is desired. For instance, in respiratory-gated RT, radiation is only delivered when the patient's anatomy is in a favorable breathing phase (state), which limits the available beam-on time. 4 Another example is VMAT in which the beam-on time available to modulate the radiation field at each beam angle around the patient could be very limited. This study investigates the potential improvement in DMLC delivery efficiency obtained from relaxing the constraints associated with unidirectional leaf motion as well as the initial and final leaf positions and develops exact and heuristic solution approaches to finding optimal unconstrained and bidirectional leaf trajectories, that is, trajectories that are neither bound to a single leaf direction nor to initial and final leaf positions.
Treatment plans for DMLC IMRT are primarily designed in two sequential stages. In the first stage, each incident beam is discretized into smaller beams, known as beamlets. The optimal beamlet intensities for each beam, referred to as fluence map, are determined to deliver a clinically desired dose distribution. The second stage, known as leaf sequencing (LS), involves finding pairs of trajectories for the left and right leaves at each MLC row to recreate the optimal fluence map obtained from the first stage, as much as possible.
Sequential two-stage methods have also been used to solve the VMAT planning problem in which fluence maps of angularly equispaced beams are first optimized and then sequenced over the associated arc sectors. 5 Specifically, Craft et al. proposed a two-stage VMAT planning approach in which unidirectional leaf sweeps are used for arc sequencing. 6 Traditionally, the LS problem for the DMLC delivery mode is solved by assuming only unidirectional leaf trajectories with initial and final leaf positions set at the opposite ends of the radiation field, termed as unidirectional LS (ULS). In this study, we will focus on the second stage and develop solution approaches for the unconstrained bidirectional LS (BLS).
The dynamic modulation of radiation beams using the independent motion of both jaws in one direction across the radiation field was first studied by Convery and Rosenbloom, where a linear programming problem is formulated and solved to find the jaws trajectory. 7 This approach was later extended to DMLC IMRT, which is also known as the sliding-window delivery technique. [8] [9] [10] [11] Furthermore, several studies have attempted to incorporate the organ motion information into the LS problem for DMLC IMRT by adjusting the leaf trajectories accordingly in order to correct for both rigid and nonrigid anatomical motion. 4, [12] [13] [14] [15] [16] [17] [18] Finally, the VMAT leaf-trajectory optimization problem, which has the additional restriction on the initial and final leaf positions at each beam angle, has also been studied. 19, 20 The ULS problem can be easily formulated and solved using convex programming methods and even closed-form solutions have been proposed in the literature. 10 However, the resulting leaf trajectories may lead to prolonged beam-on times due to the requirement that the leaves have to move across the entire radiation field. For instance, in the extreme case of a unimodal fluence map, the close-in technique in which the left and right leaves start at the opposite ends of the radiation field and move toward the beamlet with the maximum intensity, yields a shorter delivery time compared to the sliding-window technique. 8 The delivery efficiency is of particular importance in scenarios in which the desired fluence map must be recreated within a limited beam-on time. For instance, in respiratory-gated IMRT, the radiation beam is switched off every time the tumor displacement is beyond a desired range, thus limiting the available beam-on time for the fluence-map delivery. Delivery efficiency is also of great importance in VMAT, where the patient is continuously irradiated while the gantry is rotating. Thus, depending on the gantry speed, a limited beam-on time per angle is available for beam modulation. Furthermore, long beam-on times are clinically undesirable as they may increase total body exposure due to radiation leakage, potentially increasing the risk of radiation-induced cancer. 21 The relaxation of the leaf-motion restrictions and the initial and final leaf positions may potentially improve the delivery efficiency of the DMLC approach. However, this gives rise to a far more challenging LS problem, which requires the development of new models and efficient solution methods. Craft and Balvert have recently studied the potential benefit of bidirectional leaf trajectories for IMRT and VMAT. 22 In particular, they formulate the LS problem for each MLC row as a nonconvex optimization problem in terms of the left-and right-leaf trajectories and use standard gradient-descent methods to solve the formulation. However, due to the nonconvexity of the formulation, the application of convex programming methods, such as gradient descent, only yields local optima, which may be far from the global optimal solution. To overcome this issue, they employ a multistart strategy, where the gradient-descent method starts from multiple randomized initial solutions in order to sample different regions of the solution space. However, this increases the required computational effort significantly, leading to excessively long computational times. Additionally, even though the latter approach explores a wider portion of the solution space, it still does not provide any guarantee on the (near-) optimality of the obtained solutions.
In this paper, we develop and test the performance of a new exact approach to solve the BLS problem to a guaranteed optimality gap. In particular, our approach allows the MLC leaves to start from an arbitrary or prespecified initial position, move freely across the radiation field to modulate the desired fluence map, and end at an arbitrary or prespecified final position. Using our approach, we quantify the trade-off between beam-modulation quality and delivery efficiency for liver and head-and-neck cancer cases. The trade-off curve is compared against that of the unidirectional leaf-sweeping schemes. We also develop fast heuristics that obtain solutions comparable to those obtained using the exact approach. This is achieved by limiting the leaf trajectories to piecewise-linear (PWL) functions with a limited number of breakpoints. The PWL representation leads to a simplified characterization of the recreated fluence intensities as a function of the leaf trajectories, which is used to formulate the LS problem as a small-scale optimization problem.
The rest of this paper is organized as follows: In Section 2, we first review the mathematical formulations available in the literature for the ULS and BLS problems for DMLC delivery. We then develop exact and heuristic approaches to solve the BLS formulation. In Section 3, we present the results obtained from applying the solution approaches to two cancer cases. Section 4 summarizes the results and discusses the insights learned from relaxing the unidirectional leaf-motion restriction. Finally, Section 5 concludes the paper.
MATERIALS AND METHODS
The goal of the LS stage for DMLC delivery is to obtain a pair of left-and right-leaf trajectories for each MLC row such that a desired fluence map is recreated to the largest extent possible. In this section, we first describe the notation and problem assumptions. We briefly discuss existing LS approaches for the sliding-window technique using convex programming. Adopting the formulation developed by Balvert and Craft, 22 we next develop an exact solution approach to the LS problem for unconstrained bidirectional leaf trajectories. This entails an MIP reformulation of the adopted formulation as well as the application of MIP solution approaches. Lastly, we develop fast heuristic methods to obtain near-optimal trajectories with a significantly smaller computational effort.
2.A. Assumptions and notation
The pair of leaf trajectories at each MLC row must satisfy several physical constraints governing the motion of MLC leaves. In particular, the left and right leaves cannot overlap, which we refer to as the collision-avoidance constraint. Additionally, there is a maximum leaf-speed restriction of 3.0-6.5 cm/s depending on the MLC manufacturer. 23 Also, the available beam-on time may be constrained, as discussed in Section 1. We assume that the MLC allows full interdigitation, that is, leaves may pass their opposite counterparts at neighboring rows. 24 This allows to decompose the LS problem over MLC rows because leaves at each row can move independently from other rows. Finally, in this study, we assume a constant dose rate. Optimization over a variable dose rate will lead to a far more challenging problem because it requires solving nonlinear MIP formulations. More importantly, it creates dependency between MLC rows, and thus, the LS problem cannot be decomposed over the rows anymore.
Consider an MLC row consisting of a row of beamlets, indexed by j 2 J. The desired fluence intensities at this MLC row are denoted by vector f ¼ ðf j : j 2 J Þ. We let t max denote the total available beam-on time for fluence modulation. Also, we let functions X L ; X R : ½0; t max ! ½0; w denote the trajectories of the left and right leaves within the available beam-on time, where w is the width of the radiation field. We let vector of variablesf ¼ ðf j : j 2 J Þ measure the recreated fluence intensities, which depend on the leaf trajectories X L and X R . The goal of the LS problem is to find the optimal X L and X R in order to minimize the discrepancy between f andf . The total discrepancy between the desired and recreated fluence intensities is measured using the p-norm distance metric as follows:
2.B. Case of unidirectional leaf trajectories
Under a unidirectional leaf-motion assumption, the leaf trajectories X L and X R are often characterized by pairs of vectors l in ¼ ðl : j 2 J Þ, respectively. 20 In this representation, l Fig. 1 . Note that here it is implicitly assumed that MLC leaves can only rest at beamlet boundaries. In that case, beamlet j's total exposure time is equivalent to the area of the trapezoid specified by corner points r Fig. 1 . Hence, the relationship between leaf trajectories and beamlet j' fluence intensity is expressed as the product of the constant dose rate and the exposure time aŝ
where d is the constant dose rate. Using this representation, the relationship between the recreated fluence intensities and the leaf trajectories can be cast as a linear equation. Additionally, the leaf motion constraints, namely, leaf collision avoidance, maximum leaf speed, and maximum beam-on time can be all modeled as linear constraints on l in ; l out and r in ; r out , as detailed in Ref. [20] . Therefore, the ULS problem can be formulated as a convex programming problem subject to linear constraints.
2.C. Case of bidirectional leaf trajectories
The trajectory representation used for the unidirectional case cannot be applied to the bidirectional case because in the latter leaves may in principle pass through each beamlet multiple times. To characterize X L and X R , we discretize the time interval ½0; t max into n small time intervals of the form ½ ðsÀ1Þt max n ; st max n , indexed by s = 1,. . .,n. We let decision vectors l ¼ ðl s : s ¼ 1; . . .; nÞ and r ¼ ðr s : s ¼ 1; . . .; nÞ denote the location of the left and right leaves at the end of each time interval s = 1,. . .,n. Note that this characterization only considers the position of the leaves at the end of each time period. However, the choice of sufficiently small time intervals allows for a fine approximation of the continuous motion trajectory.
We next characterize the fluence intensitiesf in terms of the left-and right-leaf trajectories, that is, l and r. First, we find the exposed area of beamlet j 2 J and the deposited intensity during each time interval s = 1,. . .,n. To that end, we adopt the approach used in Ref. [22] and define a PWL function H j : ½0; w ! ½0; 1 of the form
as shown in Fig. 2 . Beamlet j's exposed area during time period s can then be expressed as H j ðr s Þ À H j ðl s Þ, which is the difference Medical Physics, 45 (11), November 2018 between the exposed and covered area of beamlet j by the right and leaf leaves, respectively. We can then expressf j in terms of the left and right leaf trajectories aŝ
The BLS problem can then be formulated as
0 r s ; l s w 8s ¼ 1; . . .; n (8)
In the formulation above, the objective function measures the p-norm of the discrepancies between the desired and recreated fluence intensities, where p is typically chosen to be 1 (absolute-value norm) or 2 (Euclidean norm). Equations (4) measure the recreated fluence intensities in terms of the left and right leaf positions at each time interval. The set of constraints in Eqs. (5)- (7) enforces leaf motion constraints, including collision avoidance and the finite leaf speed of m max , where r 0 and l 0 are the initial leaf positions. Finally, the constraints in Eq. (8) enforce the bounds on the leaf position. In Section 2.D, we develop exact and approximate methods to solve this formulation.
2.D. BLS solution approaches
There is an inherent nonconvexity in the formulation (3)-(8) due to the structure of the PWL functions H j ðj 2 J Þ. In this section, we develop an exact approach using MIP techniques to solve the formulation. In particular, in Section 2.D.1, we reformulate the problem as an MIP problem and use branch and bound (B&B) search algorithms to solve the reformulation to a guaranteed optimality gap. The application of B&B search methods can be computationally expensive depending on the problem size and, in particular, the number of time intervals n. In Section 2.D.2, we develop heuristic methods that exploit the problem structure to obtain near-optimal solutions with a significantly smaller computational effort.
2.D.1. MIP reformulation and solution
To reformulate the problem in Eqs. (3)- (8) 
where r ¼ w jJ j is the beamlet length. The leaf-position representation above requires the satisfaction of the following auxiliary constraints:
The first set of auxiliary constraints ensure that exactly one binary variable indicating the beamlet at which the leaf resides is set to one for each time period. The second set of constraints ensure that a binary variable is one if its corresponding continuous variable is positive. Finally, the last set of constraints specify the range and type of the auxiliary variables. It is easy to see that H j ðl s Þ and H j ðr s Þ in Eq. (4) can be, respectively, rewritten in terms of the auxiliary variables as
The addition of constraints (9)- (13) to the formulation (3)-(8) and the substitution of H j ðl s Þ and H j ðr s Þ in (4) with (14) and (15), respectively, yields an MIP reformulation of the BLS problem, which will be solved using standard B&B search algorithms available in MIP solvers. We note that there are other possible MIP reformulations of the problem in (3)- (8) . In particular, a well-known representation for the univariate PWL functions H j ðÁÞ ðj 2 J Þ is through the application of special ordered sets (SOS). 25 Our computational results (not shown here) suggest that the MIP reformulation presented above and a reformulation using SOS of Type 2 have a similar performance.
Valid inequalities: As part of the B&B search, a linear relaxation of the MIP reformulation, where the binary constraints in (13) are relaxed to fractional variables between zero and one, is solved to obtain lower bounds on the optimal solution. The quality of the obtained lower bounds depends on the relaxed problem and can be further improved by introducing valid linear inequalities that help tighten the formulation of the relaxed problem. In particular, due to the finite maximum leaf speed, the distance traveled between consecutive time intervals is limited. This motivates the introduction of a set of valid inequalities to limit the position of the left and right leaves at consecutive time intervals. For every pair of time intervals s; s 0 ðs \ s 0 Þ and every nonadjacent pair of beamlets j; j 0 2 J ðjj 0 À jj [ 1Þ, if the time between s and s 0 is not sufficiently long for the leaf to reach j 0 from j (i.e.,
, then we add the pair of constraints that at most one of the corresponding binary variables can be positive as follows:
The addition of these valid inequalities to the MIP reformulation improves the performance of the B&B solution methods (as shown in Section 3) without excluding any feasible leaf trajectories.
Regularization term: The leaf trajectories obtained from solving the MIP reformulation have multiple small spikes that do not contribute to fluence modulation. To ensure smoothness of the leaf trajectories, we add a regularization term of the form
to the objective function of the MIP reformulation using the weight factor k > 0. The regularization term is intended to deter any leaf motion within the same beamlet over two consecutive time intervals, thus avoiding small spikes in the obtained trajectory.
2.D.2. Heuristic approach
The exact BLS approach developed in Section 2.D.1 employs MIP techniques to model the relationship between an arbitrary pair of bidirectional left and right leaf trajectories and the exposure time of each beamlet, which, in turn, is used to measure the beamlet intensity. Even though the application of MIP in theory allows to obtain the global optimal leaf trajectories, it often does not scale well with the problem size. In particular, for cases of relatively large jJ j or n values, the MIP approach suffers from a heavy computational burden caused by B&B search methods. To alleviate this computational burden, we develop heuristic solution approaches that only allow for PWL bidirectional leaf trajectories with a limited number of segments. Limiting the number of segments simplifies the characterization of trajectories and the relationship between those trajectories and beamlet exposure times. This PWL representation allows to formulate the BLS problem as a small-scale optimization problem that can be solved efficiently using stochastic search techniques. In the following, we provide a detailed description of the proposed heuristic approach to the BLS problem.
Consider a pair of PWL trajectories X L and X R with a limited number of breakpoints indexed by k 2 K, including the initial and end trajectory points. In that case, the left and right trajectories can be fully characterized using the set of breakpoints fðt
For the ease of presentation, here it is assumed that X L and X R have the same number of breakpoints. The exposure time of beamlet j 2 J can be calculated as the area between the two trajectories, as shown in Fig. 3 .
Thus, to calculate beamlet j's total exposure time and, in turn, the fluence intensityf j , we first calculate the exposed and blocked areas per segment, which, with a slight abuse of notation, are denoted by fs 
FIG. 3. Example of PWL trajectories with three breakpoints (including initial and end trajectory points). The shaded area shows beamlet j's total exposure time calculated as the cumulative difference between the exposed and blocked areas over all segments.
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We can then obtain beamlet j's fluence intensity as the cumulative difference between the exposed and blocked areas over all segments as follows:
The feasibility of the PWL trajectories can be ensured by limiting the position of the trajectory breakpoints. In particular, the maximum leaf speed can be enforced by limiting the slope of the trajectory segments as follows:
Moreover, leaf collision avoidance can be ensured by enforcing that the breakpoints of the right-leaf (left-leaf) trajectory lie above (below) the left-leaf (right-leaf) trajectory as follows:
The BLS problem of finding PWL trajectories with a limited number of breakpoints can then be formulated in terms of the breakpoint coordinates as
The above formulation is nonconvex due to the structure of functions G R j and G L j in (18)- (19) as well as the collisionavoidance constraints in (22) . Nonetheless, if we allow for only a few trajectory breakpoints, then the formulation becomes a small-scale problem that can be approximately solved using efficient heuristic approaches. We note that formulation (H) has only a small number of decision variables (order of tens), whereas the original formulation in (3)- (8) is larger in size, where depending on the maximum beam-on time t max and the number of time periods n, the number of variables is in the order of hundreds.
Given the nonconvex and small-scale nature of formulation (H), we employ simulated annealing (SA) as the solution approach, which is a stochastic search method to find the approximate global optimum of an unconstrained or boundconstrained optimization problem. 26 To that end, formulation (H) is transformed into a bound-constrained optimization problem by substitutingf j ðj 2 J Þ in the objective function using Eqs. (18)- (20) and adding a penalty term to penalize any violation of the trajectory-feasibility constraints in Eqs. (21), (22) .
COMPUTATIONAL RESULTS
We test the performance of the exact and heuristic approaches using the liver and head-and-neck cancer cases from the CORT dataset. 27 For each cancer case, the CORT dataset contains the optimal fluence maps of the incident beams. Hence, we select a beam and recreate the corresponding fluence map using the traditional ULS and proposed BLS approaches. A beamlet-grid resolution of 0.5 9 0.5 cm 2 is used for both the liver and the head-and-neck cancer cases. The beamlet grid of the selected beam is 9 9 9 and 45 9 25 for the liver and head-and-neck cases, and thus, the width of the radiation field (i.e., w) is 4.5 and 12.5 cm, respectively. A maximum leaf speed of 3 cm/s and a constant dose rate of d = 400 MU/min are used. To measure the complexity of a given fluence map, we employ the sum of positive gradients (SPG), which is a well-known metric to quantify the "ups and downs" of a given fluence map. 6 SPG impacts the amount of beam-on time required to recreate the fluence map. In particular, it is well known that for unidirectional leaf-sweeping schemes, the minimum required beam-on time is calculated as
We select two fluence rows with relatively low and medium SPG values from the liver cancer case and one fluence row with a high SPG value from the head-and-neck cancer case. In the following, we report the computational results obtained from applying the exact and heuristic BLS approaches to the selected fluence rows.
3.A. Analysis of exact BLS approach
The MIP reformulation of the exact BLS approach is solved using IBM ILOG CPLEX Optimization Studio 12.7, which is a software package suitable for solving mixed-integer linear and quadratic programming problems. A termination condition consisting of a maximum CPU time of 600 s or an optimality gap of 5% is used. The optimality gap is calculated as the percentage difference between the best upper and lower bounds found on the optimal value of the objective function. The upper bound is obtained based on the best feasible solution found so far in the B&B search procedure while the lower bound is calculated by solving LP relaxations of the MIP formulation. We initialize the B&B search with the heuristic solution provided by the SA algorithm (see Section 2.D.2) to help reduce/close the optimality gap faster. The convex formulation associated with the ULS problem (see Section 2.B) is solved using the same solver. The weighting factor of the regularization term k is set to 0.1, which is chosen experimentally to be sufficiently large to eliminate any small spikes in the obtained leaf trajectories.
An important input parameter of the MIP reformulation is the time-discretization parameter n. Large values of n lead to a large-scale formulation, thereby increasing the computational effort required by the B&B method. The choice of a small n leads to a coarse time discretization, potentially compromising the accuracy of the measured discrepancy between the desired and recreated fluence maps. To determine an appropriate time-discretization parameter value, we solve the MIP reformulation for different values of n to obtain the optimal fluence discrepancy and the corresponding leaf trajectories. We then interpolate the leaf positions at intermediate time values to obtain a finer representation of the leaf trajectories. Finally, we recalculate the fluence discrepancy using the interpolated leaf trajectories. Table I compares the fluence discrepancy obtained by the MIP reformulation against that of the interpolated trajectories for the two fluence rows of the liver cancer case.
One can see that as the time-discretization parameter n increases, the fluence discrepancy obtained by the MIP solution converges to that of the interpolated trajectory and thus is more accurate. However, this comes at the expense of a significant increase in the required computational effort to solve the MIP reformulation. We use the time interval length of 0.05 s for the rest of the computational experiments.
Next, we quantify the trade-off between the fluence discrepancy and the required beam-on time for the selected fluence rows using the e-constraint method. This method is often employed to obtain the set of Pareto-optimal solutions to a bi-criteria optimization problem. Pareto-optimal solutions are those for which one cannot improve a criterion unless the other criterion deteriorates. The e-constraint method transforms one of the objectives in the bi-criteria problem into a constraint with an upper bound of e as the changing parameter. By solving the transformed problem for different e values, one can generate all Pareto-optimal solutions to the bi-criteria problem (see, e.g., Ref. [28] [29] [30] for a review of the e-constraint method).
Using Eq. (23), we first calculate the required beam-on time to fully modulate the fluence rows using a unidirectional leaf-sweeping scheme. For the liver case, the required beamon time values are 5.25 and 7.58 s for the low and medium SPG fluence rows, respectively. For the head-and-neck case, this value is 21.90 s. We then use the e-constraint method to generate the trade-off curve for each fluence row by solving the MIP reformulation in Section 2.C for different t max values. The BLS trade-off curves are compared against those of the unidirectional leaf-sweeping scheme, obtained by solving the ULS problem, in Figs. 5(a) and 5(d) for the liver case and Fig. 5(g) for the head-and-neck case.
The trade-off information suggests that when the available beam-on time is short, BLS leaf trajectories provide a better fluence modulation compared to ULS leaf trajectories. In particular, the fluence discrepancy is improved by as much as 50% when using BLS at short beam-on time values. The desired and recreated fluence intensities are shown in Figs. 5(b) and 5(e) for the low-and medium-SPG rows at a beam-on time of 4 s, and similarly, in Fig. 5(h) for the high-SPG row at a beam-on time of 9 s. BLS leaf trajectories outperform ULS ones in recreating the desired fluence row at low and medium SPG values. However, the additional gain for the fluence row with high SPG is more modest. Finally, Figs. 5(c) and 5(f) for the liver case and Fig. 5(i) for the head-and-neck case illustrate the BLS and ULS leaf trajectories at beam-on time values of 4 and 9 s, respectively. An advantage of BLS is that, unlike ULS, there are no restrictions on the initial or final leaf positions. This eliminates the need for an unnecessary leaf travel, thus allowing for a better fluence modulation within the given beam-on time.
3.B. Analysis of heuristic BLS approach
The heuristic BLS approach solves formulation (H) to obtain PWL trajectories with a limited number of breakpoints Longer CPU times were set as termination conditions for these cases.
Medical Physics, 45 (11), November 2018 using SA. To that end, we use an implementation of the SA algorithm available on MATLAB File Exchange (MathWorks, Natick, MA). 31 The reported results and computational times are based on ten runs of the SA algorithm for each test instance with an initial SA temperature of 0.1, a temperature cooling rate of 0.99, and a termination condition of 500 iterations.
We start by investigating the number of breakpoints needed to obtain near-optimal leaf trajectories. Figure 6 compares the quality of the trade-off curves obtained by the heuristic BLS approach with different number of breakpoints against that of the exact approach. The figure shows that PWL leaf trajectories with a sufficiently large number of breakpoints can provide competitive solutions to those obtained by the MIP approach. In particular, only a few breakpoints (around 3-4) are needed to reproduce the initial part of the trade-off curve (corresponding to smaller beamon-time values) regardless of the SPG level. However, for the fluence row with the high SPG value, the required number of breakpoints is significantly larger (around 20) to reproduce the subsequent part of the trade-off curve (corresponding to larger beam-on time values). Sample leaf trajectories obtained from the heuristic BLS approach are compared against those of the exact BLS approach in Fig. 7 , which suggests that both approaches provide similar leaf trajectories.
The computational effort required by the heuristic approach is reported in Table II . For each of the low, medium, and high SPG levels, nine scenarios are considered based on the values chosen for the maximum beam-on time and the number of trajectory breakpoints. The average CPU time required by the heuristic approach to find the near-optimal solutions for the low, medium, and high SPG values are 33.5, 34.5, and 66.5 s respectively, which are significantly smaller compared to the computational effort require by the MIP solution approach.
3.C. Initial and final leaf-position restrictions
In this section, we investigate the impact of enforcing initial and final leaf-position restrictions on the ULS and BLS problems. This is motivated by the conjecture that the inferior performance of ULS leaf trajectories at low beam-on time values is mainly due to the requirement that the leaves must start from one side and end at the opposite side of the field. To evaluate this, we consider ULS with no leaf-position restrictions, termed as "unconstrained ULS". We modify the previous ULS and BLS solution approaches to perform unconstrained ULS. In particular, a heuristic solution method for unconstrained ULS can be obtained by adding an additional constraint to formulation (H) to limit the slope of PWL segments to nonnegative values, thus ensuring the unidirectionality of the leaf motion without limiting the initial and final leaf positions. An exact solution to unconstrained ULS may be obtained by performing an exhaustive search on all possible initial and final leaf-position configurations. More specifically, each feasible configuration should meet the following conditions (assuming a left-to-right motion): (a) the starting point of each leaf is to the left of its endpoint; (b) the starting point of the leading leaf is to the right of the starting point of the trailing leaf; (c) the endpoint of the leading leaf is to the right of the endpoint of the trailing leaf. Given the feasible initial and final leaf positions of the leading and trailing leaves, the ULS method discussed in Section 2.B is then used to find the unidirectional leaf trajectories. For BLS, we consider two additional scenarios in addition to the baseline scenario of unconstrained BLS. The first scenario, which we call end-to-end (E2E), is similar to the condition in ULS, where the leaf trajectory must start from one side of the field and stop at the opposite side. However, unlike ULS, here leaves can move freely across the field. The second scenario forces the leaf trajectories to start and stop at the middle of the field, which we call middle-to-middle (M2M). We start by comparing the performance of BLS under "unconstrained", E2E, and M2M scenarios, as shown in Fig. 8 . The figure shows that the enforcement of the initial and final leaf-position restrictions on BLS leaf trajectories leads to a significant deterioration of the fluence-modulation quality at short beam-on time values. In particular, the E2E scenario yields a trade-off curve almost identical to that of ULS, suggesting the restrictive nature of this leaf-position condition. Compared to the E2E condition, the extent of fluencemodulation degradation is smaller when the M2M condition is imposed. At a high SPG level, the M2M condition initially outperforms the E2E condition; however, as the beam-on time increases, the M2M condition appears to be more restrictive than E2E, leading to an inferior fluence modulation. Figure 8 (b) compares the recreated fluence row using BLS under M2M condition against that of ULS at a beam-on time of 3.5 s. Lastly, Fig. 8(c) illustrates the corresponding leaf trajectories.
Finally, we investigate the impact of relaxing the initial and final leaf-position restrictions in ULS using a fluence row with an SPG value of 29 MU. The results are shown in Fig. 9 . The obtained results suggest that the relaxation of initial and final leaf positions for ULS leads to significant improvement in the beam-modulation quality under short beam-on time values, rendering the trade-off curve almost identical to that of BLS.
3.D. Quadratic vs linear fluence-discrepancy penalty
In this section, we compare the choice of quadratic vs linear penalties for minimizing the fluence discrepancy in ULS and BLS. The results of running the ULS as well as the exact and heuristic BLS methods using linear and quadratic penalties are shown in Fig. 10 . Comparing the desired and recreated fluence intensities obtained using different penalties, it is easy to see that the quadratic penalty tends to avoid any significant deviation across the fluence row. However, this comes at the expense of several smaller deviations. Moreover, the fluence-modulation improvement achieved by quadratic penalties is more pronounced in case of high SPG values. However, the use of quadratic penalty significantly increases the computational effort required by the exact BLS approach.
3.E. Dosimteric impact of unconstrained leaf motion
To investigate the dosimetric impact of relaxing the leaf restrictions imposed on DMLC leaf sequencing, we employ ULS and BLS to sequence the set of planned fluence maps for the liver case using different maximum beam-on time values. Figure 11 shows the dose-volume metrics of sequenced plans at different maximum beam-on time values for the liver case. The planned DVH curves can be fully recreated by ULS using a beam-on time of around 5.5 s [ Fig. 11(c) ]. However, BLS can reduce the required beam-on time down to around 4.5 s [ Fig. 11(b) ]. For smaller beam-on time values, BLS outperforms ULS in matching the planned DVH curves [ Fig. 11(a) ].
The DVH plots show that the imposed beam-on time limit only adversely impacts the target coverage for the liver case considered in this study. Figure 11(d) compares the changes in PTV D95 as a function of maximum beam-on time for the ULS and BLS plans. BLS requires a beam-on time of 4 s to achieve the planned PTV D95, compared to the 5.5 s required by ULS.
We also compare the total fluence discrepancy, summed across all incident beams and MLC rows, obtained by the ULS and BLS methods. Figure 12 shows the trade-off between the total fluence discrepancy and the beam-on time for the liver case. In particular, at a beam-on time of 4 s, the corresponding fluence discrepancies obtained by BLS and ULS are 320 and 2054 MU, respectively. This suggests an 84-percent reduction in the fluence discrepancy as the result of employing BLS. Hence, the main benefit of BLS for the liver case considered here is the significant improvement in the approximate delivery of fluence maps under constrained beam-on time scenarios.
DISCUSSION
In the following, we highlight the main insights gained from the computational results into the performance of BLS.
4.A. Unconstrained leaf trajectories improve the fluence modulation under limited beam-on time scenarios
The trade-off between the fluence discrepancy and the required beam-on time shows that unconstrained leaf trajectories yield a superior fluence-modulation quality compared to constrained trajectories when the available beam-on time is limited. The observed gain reduces rather quickly as the available beam-on time increases. A similar gain is observed in case of unidirectional leaf trajectories when the restrictions on the initial and final leaf positions are relaxed. This observation suggests that the improvement in the fluence-modulation quality is mainly attributed to the relaxation of the initial and final leaf positions, not the unidirectionality restriction. The relaxation of the leaf-position constraints in ULS eliminates the need to have the leaf pair travel across the field, which, in turn, frees up time for the leaves to perform a higher level of fluence modulation.
4.B. Unconstrained leaf trajectories yield a larger modulation improvement for fluence maps with low complexity
The results of applying the ULS and BLS approaches to fluence rows with different SPG values show that the improvement obtained from relaxing the initial and final leafposition restriction is more significant in case of fluence rows with lower complexity levels. In particular, unconstrained trajectories can provide a full recreation of simple fluences within only a fraction of the beam-on time required by unidirectional leaf-sweeping schemes. However, as the fluence complexity level increases, both ULS and BLS leaf 
4.C. Initial and final leaf-position conditions adversely impact the modulation quality when beam-on time is limited
Unidirectional leaf-sweeping schemes are bound to start from one end and stop at the opposite end of the radiation field. BLS approaches presented in this study do not require any assumptions on the initial and final leaf positions. Nevertheless, the impact of three different leaf-position conditions on the performance of BLS was investigated. It is observed that imposing E2E and M2M conditions can significantly impact the fluence-modulation quality. In particular, the enforcement of the E2E condition yields a trade-off curve almost identical to that of the unidirectional trajectories. This is in accordance with the previously shown result that the sliding-window technique can modulate a given fluence map with minimal delivery time when the leaves are forced to start from one side of the field and end at the opposite side of the field. 11 The fluence-modulation quality does not deteriorate as much under the M2M condition. However, as the available beam-on time increases, depending on the shape of the fluence row, the M2M condition may yield an inferior modulation compare to the E2E condition. computationally less expensive to optimize PWL leaf trajectories with a limited number of breakpoints due to the special structure and small size of the problem. Thus, efficient heuristics can be developed to obtain near-optimal bidirectional trajectories for limited beam-on time scenarios.
CONCLUSION
In this study, we developed solution approaches to the BLS problem for DMLC IMRT delivery. The trade-off between the fluence-modulation quality and the required beam-on time was quantified and compared for unidirectional and bidirectional leaf trajectories. The results suggest that if the available beam-on time is limited, then the quality of the fluence modulation can be significantly improved by relaxing the initial and final leaf positions. Additionally, bidirectional leaf trajectories outperform unidirectional ones when boundary conditions are enforced. Unlike the sliding-window delivery for which the LS problem can be solved efficiently, the BLS problem is more difficult to solve. To alleviate the computational burden of optimizing bidirectional leaf trajectories, we developed heuristics to obtain PWL leaf trajectories with a prespecified number of breakpoints. The proposed solution methods were tested on fluence rows with different complexity levels. The results suggest that PWL leaf trajectories with a small number of breakpoints can reproduce the exact results for limited beam-on time values. A limitation of the exact approach presented in this study is its large computational effort. Future research will extend this study by developing more efficient exact methods that exploit the special structure of the problem using global optimization techniques.
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